Theorem. Suppose C is a simple closed curve which contains the origin of its interior R and which satisfies the following hypotheses :
(a) C possesses a continuously turning tangent and the tangent angle ais) considered as a function of the arc length s has the modulus of continuity ßit), that is, (1) | ais ±t)-ais) | é ßit), t > 0, where ßit) is a nondecreasing function of t and limij0+ ßit) =0. (b) There, exists a constant k such that if Pi and P2 are two points of C and As is the ishorter) arc between them, then As (2) -= á A. PiP2 (c) PAe diameter of C does not exceed D, and the distance of the origin from C is at least equal to a, <r>0.
Suppose that w=/(z) maps the circle \ z\ < 1 conformally onto R such that /(0)=0. Then, for every p>0, there exists a constant Av which depends only on p, the constants k, D, a, and the function ßit)-and in no other way on the curve C-such that uniformly for 0 5¡p < 1 (3) / 1 /»2t \ Up fej l/'^l±P<fÖ| =Ap-An explicit expression in terms of these parameters is obtained for AP.
The fact that the integral in (3) remains bounded for 0^p<l under the assumption that C has continuously turning tangents was proved in an earlier paper of the writer [4, p. 362 j.1 The emphasis in the present note is upon the fact that the constant Ap depends only on the parameters indicated and is expressed explicitly in terms of these quantities. This result is of use when an estimate for the integral in (3) is desired which holds uniformly for the mapping functions of a family of curves C.
Before proving the theorem we state an application. By a theorem of F. Riesz, f'(peie) has limit values as p-»1 for almost all 0 and (3) holds for p = l. By use of Holder's inequality we have for p > 1, z = ei$, Zo = eieo;
From this it is easily seen that for \z\ = |Zo| =1 and by the theorem just quoted, this is true for all w in R (wo on C). Combining (4) and (5) we obtain the following corollary.
Corollary.
Under the hypotheses of the theorem there exists for every 8, 0<6<1, a constant B which depends only on 8 and on k, D, a, and the function ß(t) such that for \z0\ =1, \z\ £1, -\z-zo I1'«"«' = | f(z) -/(so) \£B\z-zo I1"5. B
(If we set h = \/p, 5 = Max i22'p-1irAp, (2ir)li<*-l>kA"_,).)
The existence of a relation of this form at every point z0 and even uniformly along the circle \z\ =1 for a. fixed curve C is known [5], [l], and was proved in a different way. The point of our corollary lies again in the fact that the dependence of the constant B upon the parameters which characterize C is given.
2. Lemmas. We shall need the following lemmas.
Lemma 1. Under the hypotheses of the theorem there exists a positive p<a which depends only on A, a, and the function ßit), such that any circle of radius less than or equal to p about any point P of C intersects C in exactly two points and that the length of the subarc of C contained in this circle does not exceed 3p.
Proof. Let r¡, 0<r¡<k<T, be so chosen that j3(/)^l/8 for 0<t^r¡.
Then we may take p = r¡/k. To see this we describe a circle K of radius r^p about P. Since r^p<a there are points of C exterior to K, so that K intersects C. Let Pi be the first point of intersection of K and C, which is met when C is traversed from P in one direction, and let P2 be the first such point which one meets in going from P along C in the opposite direction. iPi and P2 are distinct, for otherwise the curve C could not have any points in the exterior of K.)
Suppose now there existed a third point of intersection of K and C, say P3. Assume, without loss of generality, that of the two complementary arcs PP1P3 and PP2P3 of C, the length As of the first does not exceed that of the second. Since by (2) As g A-PPa = kr g kp = jj, it follows that for all points s of the arc PP1P3 (so corresponds to P) I ais) -aiso) I g 18(1») =£ 1/8. Hence, the arc PP1P3 of C lies within the angle which is formed by two straight lines through P each of which forms an angle of opening 1/8 with the tangent to C at P. Then it follows that one of the angles between the tangent to C at P and the chord P1P3 of C is between ■k/2 -1/8 and 7r/2. There exists a point s = s* of the arc PP1P3 between Pi and P3 such that ais*) is equal to the angle of inclination of P1P3. Hence |a(s*)-a(so)| ^7r/2 -1/8, which contradicts the inequality stated above.
We prove now the statement concerning the length of the subarc c of C which is contained in the interior of K. Proof. Let z0 be a point of \z\ =1 and hr the part of the circle Iz -0o| =r which is contained in \z\ <1. Then by a theorem of J. Wolff [7, p. 217 ], there exists for every r, 0<r<l, an ru r <ri<r112, such that the image of hr¡ by means of w=f(z) is a cross-cut yri of R whose length /ng(27r4/log (l/r))I/2, where A is the area of R. Since (2 log (1/r))"2
Hence, by Lemma 1, one of the two arcs of C between Pi and P2, say crv is contained in the circle of radius 7rP/(2 log (l/r))1'2 about Pi. Because of (6), this circle contains yri and hence also the region bounded by yri and cr,. Since p<o, the origin is in the exterior of this circle, and it follows that cri is the image of the arc {\z\ =1, The conclusion of the lemma follows easily from the representation (7) if we take the imaginary parts of both sides.
3. Proof of the theorem, (i) The correspondence between C and the unit circle |z| =1 is given by w=f(eiB), Og0g2ir. Let s(0) denote the variable arc length of C expressed as a function of 0. By Lemma 2,  the subarc c of C given by w=f(eie), 0i = 0 = 02, where 62 -6i^r^r0, lies within the circle of radius (irD/(2 log (l/r))1/2<p about the point Wi=f(ei6i). By Lemma 1 the length of c is ¿3p<3a. Since the total length of C is at least 2wa, it follows that c is the shorter arc of C between its end points, and thus by (2) kirD 0 g s(62) -s(di) g k | f(e^) -/(ei90 | á
Given any e>0 there exists a positive 8x^kp which depends only on the function ß(t) such that Let ô be so chosen that kirD (9) -< 5! for r = 5. (2 log (l/r))i'2 -Then for any 60, 0, 0^0, 0oá27r, we have by (8), (9), and (1) 
